Circle actions with two fixed points by Musin, Oleg R.
ar
X
iv
:1
51
2.
03
52
8v
1 
 [m
ath
.A
T]
  1
1 D
ec
 20
15
Circle actions with two fixed points
Oleg R. Musin∗
Abstract
We prove that if the circle group acts smooth and unitary on 2n–
dimensional stably complex manifold with two isolated fixed points and
it is not bound equivariantly, then n = 1 or 3. Our proof relies on the
rigid Hirzebruch genera.
1 Introduction
We say that M is a unitary S1–manifold if it is a smooth closed manifold with
an effective circle action such that its tangent bundle admits an S1–equivariant
stable complex structure.
LetM be a unitary 2n–dimensional S1–manifold withm isolated fixed points
p1, . . . , pm. Denote weights in pi by wi1, . . . , win and its sign by εi, where
εi = ±1.
If m = 2, then known the following sets of weights for unitary S1–manifolds:
(Z): w1i = w2i = ai, where ai ∈ Z, ai 6= 0, for all i = 1, . . . , n, and ε1 = −ε2.
A manifold with these weights is cobordant to zero in the ring US
1
∗
of complex
bordisms with circle actions.
(L1): n = 1, w11 = a, w21 = −a, where a > 0, and ε1 = ε2. It is a linear
action of S1 on CP1:
[z0 : z1]→ [e
iaϕz0 : z1].
(S3): n = 3, weights in p1 and p2 are (a, b,−(a + b)) and (−a,−b, a + b)
respectively, where a and b are positive integer, and ε1 = ε2. This action admit
S6 that is almost complex.
Our main result is:
Theorem 1. Let M be a unitary 2n–dimensional S1–manifold with two isolated
fixed points. Then the set of weights can only be Z, L1 or S3.
Our proof relies on the fact that Tx,y genus is rigid. We consider this method
in the next section.
Kosniowski [4] conjectured that a unitary 2n–dimensional S1–manifold that
is not bound equivariantly has at least ⌈n/4⌉+1 isolated fixed points. Theorem
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1 proves the conjecture for n ≤ 4. Note that this problem was solved only for
T
n–manifolds. Namely, Zhi Lu¨ [6] was proved that for torus manifolds there
are at least ⌈n/2⌉+ 1 isolated fixed points.
It is not clear, can Kosniowski’s conjecture be proved using only the rigidity
of the Tx,y genus? Perhaps, explicit generators of U
S
1
∗
from our paper [8] can
be useful for that.
2 Rigid Hirzebruch genera
Let U∗ be the complex bordism ring with coefficients in R = Q, R, or C. For a
closed smooth stably complex manifold X , Hirzebruch [3] defined a multiplica-
tive genus h(X) by a homomorphism h : U∗ ⊗R→ R.
Recall that according to Milnor and Novikov, two stably complex mani-
folds are complex cobordant if and only if they have the same Chern numbers.
Therefore, for any multiplicative genus h there exists a multiplicative sequence
of polynomials {Ki(c1, . . . , ci)} such that h(X) = Kn(c1, . . . , cn), where the ck
are the Chern classes of X and n = dimC(X) (see [3]).
Let UG
∗
be the ring of complex bordisms of manifolds with actions of a
compact Lie group G. Then for any homomorphism h : U∗ ⊗ R → R we can
define the equivariant genus hG, i.e. a homomorphism
hG : UG
∗
⊗R→ K(BG)⊗R
(see details in [5]).
A multiplicative genus h is called rigid if for any connected compact group
G the equivariant genus hG(X) = h(X). For the complex case rigidity means
that
hG : UG
∗
⊗R→ R ⊂ K(BG)⊗ R,
i.e. hG([X,G]) belongs to the ring of constants. It is well known (see [1, 5])
that S1-rigidity implies G-rigidity, i.e. it is sufficient to prove rigidity only for
the case G = S1.
For G = S1, the universal classifying space BG is CP∞, and the ring
K(BG)⊗R is isomorphic to the ring of formal power series R[[u]]. Then for any
S
1−manifold X and a Hirzebruch genus h we have hS
1
([X,S1]) in R[[u]]. In
the case of an S1−action on a unitary manifold X2n with isolated fixed points
p1 . . . , pm with weights wi1, . . . , win, and signs εi, i = 1, . . . ,m, h
S1 can be
found explicitly (see [2, 5]):
hS
1
([X,S1]) = Sh({wij}, u) :=
m∑
i=1
εi
∏
j
H(wij u)
wiju
, (1)
where H is the characteristic series of h (see [3, 8]). If h is rigid, then from (1)
it follows that
h(X) = Sh({wij}, u) for any u. (2)
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Atiyah and based on the Atiyah-Singer index theorem proved that Ty−genus
is rigid [1]. Krichever [5] gives a proof of rigidity of the Tx,y−genus using global
analytic properties of Sh({wij}, u). It is not hard to see that (2) yields the
Atiyah-Hirzebruch formula [1, 5, 2] for a unitary S1-manifold X :
Tx,y(X) =
m∑
i=1
εix
s
+
i (−y)s
−
i , (3)
where s+i , s
−
i are numbers of positive and negative weights {wij}.
In [5] is given the following formula for the Tx,y–genus:
Hx,y(u) =
u(xeu(x+y) + y)
eu(x+y) − 1
.
Let z := e(x+y)u. Then (1), (2), and (3) imply
m∑
i=1
εi
∏
j
xzwij + y
zwij − 1
≡
m∑
i=1
εix
s
+
i (−y)s
−
i (4)
3 Proof of the main theorem
Proof. Since we have only two fixed points the graph of weights (see [9]) has
two vertices and n edges join these vertices. It implies that |w1i| = |w2i| for
all i = 1, . . . , n. (Actually, it can be derived from (4), where x = y = 1, see
[9, Theorem 1.1].) Moreover, if the set of weights is not Z, then w1i = −w2i.
Otherwise, STx,y ({wij}, u) cannot be constant. Therefore, for this case formula
(4) can be written in the following form:
(xza1 + y) · · · (xzak + y)(x+ yzb1) · · · (x+ yzbℓ)
(za1 − 1) · · · (zak − 1)(zb1 − 1) · · · (zbℓ − 1)
−
(x + yza1) · · · (x+ yzak)(xzb1 + y) · · · (xzbℓ + y)
(za1 − 1) · · · (zak − 1)(zb1 − 1) · · · (zbℓ − 1)
= xkyℓ − xℓyk, (5)
where k + ℓ = n and all ai and bj are positive integers.
So for n = 1 we have L1. If n > 1, then k > 0 and ℓ > 0. For y = 0 (5)
implies
a1 + . . .+ ak = b1 + . . .+ bℓ (6)
Without loss of generality we may assume that a := a1 ≥ ai for all i and
a1 > bj for all j. (As we mentioned above, we cannot have the equality a1 = bj .)
Let x = −za and y = 1. Then (5) yields
(z2a − 1) · · · (zak+a − 1)(za − zb1) · · · (za − zbℓ)
(za − 1) · · · (zak − 1)(zb1 − 1) · · · (zbℓ − 1)
= (−1)ℓzak − (−1)kzaℓ (7)
Since a > bj , we have aℓ > b1 + . . .+ bℓ. Then (7) implies
ka = b1 + . . .+ bℓ (8)
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Therefore, from (6) we have a1 + . . . + ak = ka, a1 = . . . = ak = a, k is odd,
and ℓ is even. Then
(za + 1)k(za−b1 − 1) · · · (za−bℓ − 1)
(zb1 − 1) · · · (zbℓ − 1)
= za(ℓ−k) + 1 (9)
Equation (9) yields k = 1, ℓ = 2 and a = b1 + b2. Thus, it is the case S3.
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